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Page63 (tableI(a)-

ForWing430:
Undercolumn

Concluded):

heading-#-:
%

Fourthrow,for M = 1.15470,change.511to .565
Sixthrow,for M = 1.41421,change.68oto .696

ForWing400:
vUndercolumnheading~:

Sixthrow,for M = 1.41421,change4.100to 4.765
Undercolmmheading%

%
Fourthrow,for M = 1.15470,change.753to .690

CorrespondingtothesechangesintableI(a),changesinfigures10,
21,and22 shouldbemadeas follows:

page76: h figure10,thesquaresynbolplottedfor M = 1.414
at V/VR= 4.100 shouldbe at V/VR= 4.765.(Thefairingfor
thecalculatedcurvewoul.dchangeaccordingly.)

Page87: Infigure21,thesquaresymbolfor M = 1.155 at
u/u)a= 0.511 shouldbeat u/~ = 0.565,andthesqusresymbol
for M =1.414 at u/~= 0.680 shouldbeat U/us= 0.696.
(Thefairingforthecalculatedcurvewouldchangeaccordingly.)

Page88: Infigure22,thesquaresymbolplottedfor M . 1.155
at ul~ = 0.753 shoul.dbeat u/~.o.690. (Thefairingfor
thecalculatedcurvewouldchangeaccordingly.)

. Page92: Infigure26,the
for M =0.839 at

.

THIS

circular(e~erimental)
u/us= 0.208 shouldbe

PAGEISUNCLASSIFIED

testpointplotted
at u/~ = 0.344.
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NATIONALADVISORYCwMrmEE FORAERONAUTICS

RESEARCHwoR/!NDw

CALCULATIONOFFLUTTERCHARACTERISTICSFORFINITE-SPAN

SWEPTORUNSWEFWWINGSATSWSONICANDSUPERSONIC

SPEEIXBYA MODH’IEDSTRIPANALYSIS

ByE. CsrsonYates,Jr.

SU4MARY

A methodhasbeendevelopedforcalculatingfluttercharacteristics
offinite-spsnsweptorunsweptwingsatsubsonicandsupersonicspeeds.
Themethodisbasicallya Rayleight~e analysisandisillustratedwith
uncoupledvibrationmodesalthoughcoupledmodescanbeused. Theaero-
dynszd.cloadingsarebasedondistributionsof sectionlift-curveslope
andlocalaeroi@nsmiccentercalculatedfromthree-dimensionalsteady-
flowtheo~. Thesedistributionssreusedinconjunctionwiththe. “effective‘angle-of-attackdistributionresultingfromeachofthe
aasumedvibrationmcdesinorderto obtainvaluesof sectionliftand

. pitchingmoment.Cticulationfunctionsmodifiedonthebasisofloadings
fortwo-dimensionalairfoilsoscillatingina compressibleflow=e
employedtoaccomtfortheeffectsofoscillatorymotiononthemagni-
tudesandphaseanglesoftheliftandmomentvectors.

Fluttercharacteristicshavebeencalculatedbythismethodfor
12wingsofvaryingsweepangle,aspectratio,taperratio,andcenter-
of-gravitypositionatMachnumbersfromO to ashighas1.75. Compari-
sonsoftheresultswithexperimentalflutterdataindicatethatthis
methodgivesgenerallygoodflutterresultsfora broadrangeofwings.

INTRODUCTION

Muchofthedifficultyencounteredinattemptingtopredictflutter
characteristicsforfinite-spansweptandunsweptwingsat subsonicend
supersonicspeedsresultsfrominadequaterepresentationofthedistri-
butionsof oscillatingaerodynamicloadEon suchwings.Forbothsub-
sonicandsupersonicspeedsa numberofmethodsexistforevaluating.
three-dimensionaloscillatingloads(refs.1 to 21,forexample).These
methodsinvolvevsryin.gdegreesofrigor,butallarecharacterizedby

.
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therelatimlyextensiveamountofcomputationrequtie~.Inallofthese
proceduresitisnecessarytorecalculatetheloadingwitheachchangeof
reducedfrequency.Thisfactfurtherincreasesthesmountof computation
requiredbecauseinflutterpredictionthereducedfrequencyatflutter
Isnotusuallyfounddirectly.Becausethecalculationsarecomplexend
lengthyandbecausemanyoftheprocedureshavenotbeenprovedingen-
eralapplication,theuseofthesemethodsinflutterpredictionhasbeen
limited.

A procedurecomnonlyusedinthesolutionofpracticalflutterprob-
lemsinvolvingfinitewingsisa modal-t~ewalysissimilartothat
employedbyBermby,Cunningham,andGerrickforsweptwings(ref.22)
endbySmilgandWassermanforunsweptwings(ref.23). Thesemethods,
aspresentedinreferences22and23,employtwo-dhensionalincompres-
sibleaerodynamicforcesendmomentsendthusdonottakeIntoaccount
theaerodynamiceffectsoffinitespanandcompressibility.

Thepresentreportpresentsanapproximdemethod~ffluttercal-
culationbasedona simplifiedrepresentatiotiofthethree-tiensional
aerodynamicloadingwhichisshowntobe applicableto a widevariety
ofwingplanformsatbothsubsonicandsupersonicspeeds.Thepresent
methodisalsobasedona modalanalysis,buttheaerodynamiceffects
offinitespsn,taper,andcompressibilityareaccountedforbyutilizing
modifiedaerodynamicloadingsbasedonspsmwisedistributionsof section
lift-curveslopeandlocalaerodynamiccentercalculatedfromwell-known
subsonic(ref.24)orsupersonic(refs.25and26)three-dimensional
steady-flowtheoryforflat,rigidwings.Thedistributionsofsection
liftendpitchingmomentonoscillatingflexiblewingsareobtainedby
employingthesedistributionsoflift-curveslopeandaerodynamiccenter
forflatrigidwingsinconjunctionwiththe“effective”angle-of-attack
distributionresultingfromoscillationofthewingineachoftheassumed
vibrationmodes.Theeffectofoscillatorymotiononthemagnitudesand
phaseanglesoftheliftandmomentvectorsisrepresentedapproximately
bymodifyingthefamiliarcirculationfunctionsofTheodorsenbyutilizing
aerodynamicfluttercoefficientsgivenbyJordan(ref.27)fortwo-
dimensionalairfoilsoscillatinginsubsonicorsupersonicflow.A
detaileddescriptionoftheprocedureformakingflutteFcalculationsis
givenintheappendixes.

Byrepresentingtheoscillatingaerodynamicloadsinthismanner
thenecessityofrecalculatingtheloaddistributionsforeachvalueof
reducedfrequencyisavoided,sincebnlythemodifiedcirculationfunc-
tionsverywithfrequency,smdtheseinturnareassumednotto vary
alongthespsn.Thebendingandtwistingdeformationof individualwing
sectionsistakenintoaccountonlyintermsofthe“effective”angleof
attacksmdisassumednotto affectdistributionsoflift-curveslope
andaerodynamiccenter.Thisprocedureisequivalenttoneglectingthe

.x

,

.

.
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influenceofdeformationonthelift-producingcapacityofa givenwing
section.

Fluttercharacteristicshavebeencalculatedbythemethoddeveloped
herein(usingthreevibrationmodes)forwingswithsweepanglesfrom0°
to 52.5°,aspectratiosfrom2.4to7.4,taperratiosof0.6and1.0,and
center-of-gravitypositionsbetween34percentchordand59percentchord.
Theresultserecompsredhereinwithexperimentaldataobtainedinthe
Langley26-inchtrausonicblowdowntunnel(refs.28to 31)andinthe
Langley9-by X2-inchsupersonicblowdowntunnel(ref.32).

SYMm23

A

Ap

a

.

ac

.

i3Cn

b

br

s

B

c.
cl

a

aspectratiooffullwingincludingfuselageIntercept

aspectratioofwingconsideringsideoffuselageasa reflec-
tionplane(twicethepanelaspectratio)

nondimensionaldistacefrommidchordto elasticaxismeasured
perpendicularto elasticaxis,positiverearwsrd,fraction
of semichordb

nondimensionaldistemcefromleadingedgeto localaerodynamic
center(forstesxiyflow)measuredstreemise,fractionof
stresmwisechordj%l@a

nondimensionaldistancefrommidchordtolocalaerodynamic
center(forsteadyflow)measuredperpendicularto elastic
axis,positivereerward,fractionof semichordb

semichordofwingmeasuredperpendicularto elasticaxis

semichordofwingmeasuxedperpendicularto elasticsxisat
spanwisereferencestationq = 0.75

spanofwingpanelconsideringsideoffuselageas a reflec-
tionplane

ratiooflocalsemichordb toreferencesemichordbr meas-
uredperpendicularto elasticsxis,b/br

complexcirculationfunction,F+iG

locallift-curveslopefora stresmwisesectioninsteadyflow

.
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Cza,n

‘%

locallift-curveslopefora sectionperpendiculartothe
elasticaxish steadyflow

derivativewithrespectto emgle”ofattackoflocalpitch~--
momentcoefficientmeasuredabouttheleadingedgeofa
streamwisesection

Cp

1?

fh

fe

G

locallifting-pressurecoefficient

circulationfunctionwhichmodifiesin-phaseloadcomponents

deflectionfunctionofwinginbendingmode

deflectionfunctionofwingintorsionmode

circulationfunctionwhichintroducesout-of’-@aseload
components

$ structuraldampingcoefficientforwing (Subscripta denotes
t03XiOU.1 mode;subscripth denotesbendtigmode.)

h
.,.

&

localverticaltranslationaldisplacementofwingatelastic
axis .

massmomentof inertiaofunitlengthofwingaboutelastic
Sxis

r
.- -.

-1 --

..-

—

i

km reducedfrequencybasedonthespanwisereferencestation
(~= O.75)smdonvelocitycomponentnormaltoelasticaxis,
b~/vn —

lengthofexposedwingpanelmeasuredalongelasticaxis

Machnumber

oscillatorymomentaboutelasticaxisperunitlengthofwing,
positiveleadingedgeup

massofwingperunitlengthmeasuredalongelasticaxism

P oscillatoryliftperunitlengthofwingalongtheelastic
SXiS, positivedownward .

.
Q downwashexpressiondefinedbyequation(5b)
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nondimensionalradiusofwation ofwingaboutelasticsxis,-.m=
time

flutterspeed,measuredpsrallel
valuesorvaluescalculatedby

to freestream(experimental
themethodofthisreport)

calculatedreferenceflutterspeedobtainedby using Cla,n= 2at

ad acn=-~

free-streamvelocity

stresmwisecoordinatemeasuredfromleadingedgeofwingroot

nondimensionalcoordinatefrommidchordmeasuredperpendicular
to elasticaxis,positiverearward,fractionof semichordb

nondhnensionaldistancefromelasticaxisto localcenterof
gravitymeasuredperpendicularto elaaticaxis,positive
rearward,fractionof semichordb

distancealongelasticaxismeasuredfrom~ root, 2V

angleofattack

WI ‘or M> 1;v ‘or ‘<’

wingsectionmass-densityratio, fipb2/m

sweepsingle;positiveforsweepback

taperratiooffullwingticludingfuselagetitercept

taperratioofexposedwingpsnel

nondimensionalcoordinate(eitherspanwiseoralongelastic
axis) measuredfromwing.root,fractionofexposedpanel
span s orfractionofwinglengthZ

localtorsional
axis

airdensity

displacementofw3ngmeasuredaboutelastic
.

P
.
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u localbendingslopeofelasticaxis,ah/ay’
“

T local rateofchangeoftwist,aelayf
u) circularfrequencyofvibration

—

a circularfrequencyoffirstuncoupledtorsionalvibrationmode
ofwingmeasuredaboutelasticsxls

% circularfrequencyofuncoupledbendingvibrationmodeofwing
(subscripts1 and2 denotefirstandsecondbendingmodes)

E nondimensionalstreamwisecoordinatemeasuredfromleadingedge
ofwingroot,fractionofe~osedpanelspan s

Subscripts:

c/4

ea

c

LE

M

n

I

TE

quantitiesassociatedwiththewlmgquarter-chord

quantitiesassociatedwiththewingelasticaxis

circulationfunctionsobtainedfromtheosc~atoryaerodynsdc
coefficientsgiveninreference27fortwo-dtiensionalcom-
pressibleflow .

qutitiesassociatedwiththewingleadinge~e
—
.

quantitiesassociatedwiththeMachlinesor~inatingfromwing
rootortip —

quantitiesassociatedwithwingsectionsnormalto theelastic
Sxis

circulationfunctionsobtainedbyTheodorseninreference33
fortwo-dimensionalincompressibleflow

quantitiesassociatedwiththewingtrailingedge

Dotsoversymbolsdenotederivatimswithrespecttotime.
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DESCRIFT.IONOFTHE

General

METHOD

I

Theprocedureforfluttercalculationusedinthisreportisbas-
icallya Rayleigh,ormodal-t~e,snalysisendisillustratedhereinwith
uncoupledvibrationmodesalthoughcoupledmodescsnbe used. (Theuse
ofuncoupledmodesinfluttercalculationsisdiscussedindetailin
refs.22 end34.) Thefluttermodesofthewingsstudiedinthisinves-
tigationarerepresentedby thefirstandsecondbendingandthefirst
torsionalvibrationmodesofuniformcantileverbeams.Alldeformations
areconsideredto bemadeup ofverticalbendingofanapproxhately
straightelasticaxisandrotationaboutthataxis.Thewingrootis
treatedasthou@ itwereclampedslonga linenormalto theelasticaxis
andpassingthroughtheintersectionoftheebstfcaxisandtheroot
chord.Thedynsmicaleqyationsinvolvedinthist~e ofanalysisare
obtainedfromLagrange’sequationsofmotioninwhichthevibrationmodes
areusedasgeneralizedcoordinates.Thesedynsmicalequationsrepre-
sentingthebalsncebetweenelastic,inertial,endaerodynamicloadssxe
derivedinappendixA endareobtained(forthesimplecaseof onebending

end

—

(1)

(2)

where& end ~ sreasdefinedineqyations(A8)and(A9).Thesessme
equationsina differentformwereusedinreference22. Thevaluesof
allgeometrical-,structural,endaerodynamicquantitiesto beusedin
theseequationsarethosevaluesassociatedwithsectionsnormalto the
elasticaxis.

Theinnovationsofthepresentmethodconsistof alterationsinthe
expressionsforsectionlift P,pitchh.gmoment~, andcomplexcircu-
lationfunctionC = F + iG inorderto approximatetheaerodynamic
effectsoffinitespan,taper,endcompressibility.Thesectionlift P

. andpitchingmoment~ me e~ressedintermsofarbitrerysectionlift-
curveslopeandaerodynamiccenterwhichareassumedto varyalongthe

.
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spanofthewing.Foranypexticularvalueoffree-stresmMachnumber,
thespanwisedistributionsoflift-curveslopeandaerodynamiccenter
=e calculatedfromwell-knownsteady-stateaerodynamictheoryforflat
rigidwings.‘NEspanwisedistributionsoftheliftandmomentonthe
deformingwingarethenfoundbyusingtheaforementionedvaluesof
staticsectionlift-curveslopeandaerodynamiccenterinconjunction
withthe“effective”angle-of-attackdistributionresultingfromoscil-
lationofthewingineachoftheassum@dvibrationmodes.1Thevalues
of liftandmomentthusobtainedaccountapproximatelyforfinitespem,
taper,compressibility,anddeformationshapeofthewing.However,it
isS3S0necessarytotakeintoaccounttheeffectofoscillatorymotion
onthemagnitudesandphaseanglesoftheliftandmomentvectors.In
thepresentmethodthisisdoneapproximatelybyutilizingcirculation...
functions(analogoustothefemiliarF and G functionsofTheodorsen
(refs.33and35))whicharemodifiedonthebasisofaerodynamicflutter
coefficientsgivenbyJordan(ref.27)fortwo-dimensionalairfoilsoscil-
latinginsubsonicorsupersonicflow.Intheapplicationofthecircu-
lationfunctionsthusobtained,theMachnumbernormaltotheleading
edgeisemployed,

—. —

.—

.—

Formulatingtheaerodynamicforcesandmomentsirthismannerimplies‘“
thefollowingassumptions:

(1)Thebendingandtwist- deformli%Iod”%f’”=d&lwingsections -
isaccountedfor.,ix-te*-6f-the“effective”angleofattackonly.The
effectse-relativedeformationonsectionlift-curveslopeandaerodynamic
centercambeneglected.Cmberdeformationof sectionsnormaltoThe b

—--.- elasticaxisisnot---considered.
.-—_—.

(2)The effectofoscillatorymotiononthemagnitudeandphase ~ -
anglesofthesectionliftandmomentvectorsistheseineforeachwing
sectionandmayberepresentedbymodifiedcirculationfunctionsassoci-
atedwiththeMachnumbercomponentnormaltQtheleadingedge.

In view oftheuseofstaticlift-curveslopesandaerodynamiccen-
ters,applicationofthismethodathighvaluesofreducedfrequency
wouldbe opento question.At lowtomoderatereduced-frequencies,how-
ever,theapproximationshouldbereasonable.

Intheremainingsectionsofthisdescriptionofthemethodare
discussedthealterationof sectionlift P andpitching.moment&
bytheintroduction.ofstaticthree-dimensionalsectionlift-curveslopes

%?he“effective”angleofattackisthedownwashresultingfromthe
motiondividedbythecomponentoffree-strewnvelocitynormaltothe
elasticaxis. — e--. ———

.
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A
andaerodynamic
parameters,and

centers,thecalculationofthesestaticaerodynamic
theevaluationofthecomplexcirculationfunctionC!.

byutilizingtwo-dimensionalsubsonicorsupersonicosci~ting-airfoil
theory.

A detaileddescriptionofthefluttercalculationprocedureisgiven
inappendixB, andexpressionsfortheelementsofthefinalflutter
determinantaregiveninappendixA.

ExpressionsforSectionLiftandPitchingMoment

In formulatingtheexpressionsforsectionliftsndpitchingmoment
thefollowlngbasicassumptionismade: Theflowoverwingsectionsnor-
maltotheelasticaxisconsistsofa quasi-two-dimensionalnoncirculatory
flowplusa circulatoryflowinwhichthecirculationisfixedbythe
componentoffree-streamvelocitynormaltotheelasticaxisin con@.nc-
tionwithdownwashdistributionsalongchordlinesnormalto theelastic
axis(ratherthenbythefree-stresmvelocityanddownwashdistributions
alongstresmwisechordlines).Incontrasttothemethodofreference22
thepresentmethoddoesnotconsiderthecirculatoryflowto betwo-
dimensionalendincompressibleinnature.It shouldbe observedthatthe
conceptsof circulatorysndnoncirculatoryflowcomponentsasdeveloped

. inreferences22snd33appearto havelittlemeaningforwingswith
supersonicedges.Nevertheless,forconvenience,theseconceptshave
beenutilizedinthepresentmethodforwingswithsupersonicedgessince

4 it isbelievedthatinclusionoftheappropriatesectionlift-curveslopes
sndaerodynszniccentersrepresentstheprincipalaerodynamiceffectson
thecalculatedflutterspeedofwingswithsupersonicedges.

Thesectionlift P andpitchingmoment~ whichexeusedinthe
presentanalysismaybe obtainedfromsimilarexpressionsinreference22
by titroduclngvsriablesectionlift-curveslope Cla,n emdvariable

aerodynamiccenteracn. Theprocedureformakingthisgeneralization
isasfollows:

First,theexpressionsfor P and ?& usedinreference22are
writtenintheform

[ ( )1 }P=-spb2;+vn6+~n~t~&8 -ba~+vn~t~&a - Noncirculatory

2xpvnbCQ
}
Circulatory (3)
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[()]~fJQ2mpvnb2~- a+p

where Q isthedownwash
equationsme, of course,
disturbancesexists.

1circulatory(4)
expressiondefinedbyequation(5a). These
basedontheassumptionthatflowwithsmall

Circulatorycomponents.- Onlythecirculatorycomponentsofthese
expressionssrechanged.Inthecirculatorycomponentsofequations(3)
and(k)thevalue ~ forsectionlift-curveslopeisreplacedbythe
variableC? andthequez’ter-chordaerodynamic-centerposition, a,n’

b=-:)is replacedby thevariableacn.

mustalsobealteredto includetheeffectsof
slopeCla,nandaerodynamiccenteracn.

ThedownwashexpressionQ

variablesectionlift-curve ,

b

Thetreatmentsofthecirculatorycomponentsofliftandpitchhg
momentinreferences22and33&rebasedonclassicaltwo-dimensional
incompressiblethti-airfoiltheory,whichindicatesa ~ectionlift-curve
slopeof ZW andanaerodynamiccenterlocatedatthequarter-chordposi-
tion.
ityat
erence

Thecirculationstremzthisthereforerelatedtothedownwashveloc-
thethree-quarter-cho~dposition.Thisdownwashasgiveninref-
22 is

( )( )Q= fi+vne+vnat~Aea+b $-a i+-vnrt’~ka (5a)

andthedistancebetweentheboundwrtex (quarter-chord)andthepoint
atwhichthedownwashboundaryconditionisapplied(three-quarter-chord)

Cta,niS b. ForarbitraryCta,n,thisdistancebecomes—b. (Seeref.24
2q

fora detaileddiscussionoftheapplicationofthedownwashboundarycon- “
ditionwhen Cza,n isotherthan 2TC.)Then,if acn (locationofbound

.
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a

vortex)isalso
. (Cza,n +tion b —

a
fig.1.) Then,

arbitrary,thedownwash

)
aCn measuredpositive

IL

conditionisappliedattheposi-

resrwsrdfromthemidchord.(See

intheexpressionfor Q,thedistsncefromtheelastic

axistothepointofapplicationofthedownwashcondition
()
b~-a fs
2

( )
\ !

Cla,nreplacedinthepresentanalysisby b —+ aCn- a . Thenforthe
a

presentmethod,

Noncirculatorycomponents.-Thenoncirculatoryflowcomponentscon-
tributetotheliftsndmomentonlya virtualmasseffectwhichiscom-
parativelyverysmallexceptat highfrequencies.Since,asmentioned
previously,thepresentmethodshouldprobablybe appliedonlyto cases

. involvinglowtomoderatereducedfrequencies,itappearsthatthenon-
circulatoryflowtermswillconstituteonlya smallfractionoftheover-
allsectionliftandmoment,Now,thenoncirculatorycomponentsof sec-

. tionlift P sndmoment~ whichareusedinreferences22and33smd
showninequations(3)and(4)ofthepresentreportsrederivedfrom
thevelocitypotentialsforunsteadytwo-dimensionalincompressibleflow
abouta flatplate.Thevirtualmasseffectsresultingfromthesenon-
circulatoryflowssredependentonlyuponthevelocityperpendicularto
thewingsurfaceanddonotdependonthestreamvelocityas such.For
lowtomoderatefrequencies,thevelocityperpendiculartothewingsur-
facewillbe smallcompsredto free-stresmvelocity.Therefore,forwings
withalledgessubsonic,anyeffectsofcompressibilityonthemagnitudes
ofthenoncirculatoryflowtermsshouldbe small,endtheconsequent
effectsonthesectionliftandmomentshouldbe of secondorder.It iS
concludedthat,forwingswithalledgessubsonic,useofthenoncircu-
latorycomponentsofliftandmomentinessentiallythetwo-dimensional
incompressibleformshouldresultinnegligibleerrorh thecalculated
flutterspeed.

Inviewoftherelativelysmallmagnitudeofthenoncircuhtoryflow
components,thetwo-dhnensionalincompressibleformisalsousedas a
firstapproximationto virtualmasseffectsforwingswithsupersonic

. edgesaswelJasforwingswithalledgessubsonic.At lowreducedfre-
quencies,thenoncirculatorytermsmightevenbe completelyneglected
withoutintroducingmajorerrorsintothecalculatedflutterresults.&
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Thesectionliftandpitch~ momentusedthroughoutthepresent
investigationaremadeup of-cticulatorycomponentsgeneralizedaspre-
viouslydescribedud noncirculatorycomponentsusedh theunaltered
two-dimensionalincompressibleformsshowninequations(3)and(k).
Theresultingexpressionsareforthesectionlift

[ ( jP= -tipb2h+vn6+vn&tan&-ba9+vn;tm&a -

c1
a, n
pvnbCQ

sadforthepitchingmomentabouttheelasticaxis

)( )a2 ;+Vn+tan&a (
.

)+Spb%n~+vnatan&a +

) ( )Vn;tanfie=+scpb%n20-abrtm4a -

4
-(a-a%)cc~n Q

}

Noncirculatory

}
circulatory (6)

}

Xfoncirculatory

1

}

Cticul.story(7)

wherethedownwashexpressionQ isthatdefinedinequation(5b).
Notethatinaccordancewiththediscussioninreference22thetermsof
eqpations(3),(4),(6),end(7)associatedwiththevsriationofthe
velocitypotentialwithlengthwisedistance-:y’sreomitted.

Substitutingexpressions(6)and(7)intothedynamicalequations(1)
end(2)andusingequation(5b),togetherwiththeassumptionofharmonic
motion,yieldtwohomogeneousflutterequat:onsinthe..twounknownsQ.
and ~. Theflutterdeterminantresultingfromtheseflutterequations, ““
expressionsfortheelementsofthedeterminant,andthemethodusedin
solvingthedeterminantfortheflutterconditionaregiveninappendixA.
TheremainderofthedescriptionofthemethodisConcernedwiththeev8.lu-.
ationofthestaticaerodynamicparametersCla,n and acn andthecti-

culationfunctionsF and G whichappearinthee~ressionsforthe
determinantelements.

All
sidering

StaticAerodynamicParameters
.

calculationsof staticaerodynamicparametersaremadeby con-
thewingtoberigidandflat. -.— .
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For M = O (reference).-Thereferenceflutterspeed

foreachwingbyusing Cla,n=ZM and acn= - ~ at M=

13

VR iSfound

o. With

thesevaluestheflutterequtions(A12)and(A13)reduceto thosegiven
inreference22.

For O~M<I.- At subsonic(andticompressible)speedsthespsn-
wisedistributionof Cta isfoundbytheEfting-1.inemethodofref-

erence24. Inreference24chartsofthenecessaryinfluencecoefficients,
whichfacilitaterapidcalculationoftheloading,arepresented.Although
thismethodinvolvestheapplicationofboundsryconditionsandtheeval-
uationoflosdintensityat onlysevenspanwlsestations,theresulting
accuracyisconsideredadequate
usedbecauseof itssimplicity.

%ato Cza,n.Thus, cl =
a,n

forpresentpuxposes,andthemethodis
Sim@e sweeptheoryisusedtorelate
cZa

. Forallsubsonicspeedsthe
COS&a .

aerodynamiccenteristakenatthequarter-chordposition~n. - *).

However,at subsonicspeedshigherthenthosecalculatedhereinitmay
becomenecesssrytotakeaerodynamic-centerchangesintoaccount.Details
oftheloedingcalculationsaregiveninappend~B..

For M> l.-At supersonicspeedswhenthewingleadingedgeis
. sweptbehindthelesding-edgerootMachline(subsonicleadingedge),the

equationsofreference25 me usedto calculatethestaticdistributions
‘f Cza,n and acn. Themethodofreference25 isbasedon a superposi-
tionof conicalflows,andrelativelysimpleformulasaregivenforcal-
culat~ theloading.Whentheleadingedgeliesaheadoftheleading-
edgerootMachline(supersonicleadingedge),theeqpationsof
reference26areused. Reference26 isalsobasedon conical-flow
concepts.Theseequationsforliftingpressurehavebeenusedh
titegralswhichyieldsection-liftandpitching-momentcoefficientsCza

and ~ (endhence ac). Theresultingexpressionsanddetailsof
theirapplicationaregiveninappendixB. Theequationsfor Cza and
CW giveninappendixB makeitunnecessarytorefertoreferences25
and26forpresentpurposes.
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.

CirculationItmctions

Thecomplexcirculationfunction
.

c=C(M,k~) = F(M,knr)+ iG(M,km)

appearinginequations(6)and(7)andintheexpressionsofappend~A,
modifiestheotherwise-staticcirculatorycomponentsofliftandpitching
momentto accountfortheeffectof oscillation.The F functionmodi-
fiestheloadcomponentwhichisinphasewithangleofattack,andthe
G functionintroducesout-of-phaseloadcomponents.Valuesofthe F
and G functionsusedinreference22werethosedevelopedbyTheodorsen
(ref.33)fortwo-dimensionalincompressibleflowaboutauoscillating
airfoil.InthepresentinvestigationthesevaluesareS.gatiusedfor
M= O,butthefunctionsmustbemodifiedto accountforcompressibility
effectsat M> O. Themodificationusedhereinisbasedonloading
functionsfortwo-dimensionalsubsonicorsupersonicflowaboutan oscil-
latingairfoilasgivenby Jordaninreference27. Therelationsbetween
theseload- functionsandthe F snd G circulationfunctionssre
derivedinappendixB. Althoughthefluttercalculationisbasedona
considerationof sectionsnormalto theelasticaxis,thegoverningMach
numberforthedeterminationofthecirculationfunctionsistakentobe .
thatnormaltotheleadtigedge.Thischoiceofgovern~gMachnumber
=ises fromthefactthatthenatureoftheflowovera sectionofwing
is influencedbywhethertheleadingedgeissubsonicor supersonic.

.

Althoughitwouldseemstraightforwardto usetheappropriateFc
and GC fictionsdirectlyinthefluttercalculations,thisprocedure
givespoorresultsincomparisonwithexperiment.(Seefigs.3 and9,

()

GC
forexample.)Thelargephaseanglestan-l— ofthecomplexcircula-

FC
tionfuuctionsassociatedwithtwo-dime~sional&ompressibleflowwere
foundtobe inappropriateforthree-dimensionalwings.Itwasantici-
patedthatifphaseanglesremainedmoderatelysmall(i.e.,if G remained
fairlysmallrelativeto F)l,thecalculatedflutterspeedwouldberel-
ativelyinsensitiveto chaugesInthemagnitudeof G. ThatiS,if G
isnotlargerelativeto F,theactualvalueof G isunimportant.The

he assumptionof smallphaseanglesimpldessnupperboundonthe
—.

valuesofreducedfrequencykm forwhichthepresentmethodcanbe
used.However,aspreviouslymentionedtheuseofstaticallybasedload
distributionsalsorestrictsthemethodtomoderatelysmallfrequency
values,sothepresentassumptionimposesno furtherlimitation.

.

.
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predominanteffectonthelosd.ingofchsmgingMachnumberwouldthenlie
a inchsngingthemagnitudeofthe

Theformofthecomplexfunction
lationsisthereforetslcentobe

c=+wnr)=

in-phasecomponentassociatedwith F.
‘C whichisusedinthepresentcalcu-

‘+’’=%(n+i’+
Thisfunctioncontains
derivedfromreference
associatedphasesngle

an
27
is

angleis thesameasthat

in-phasecomponentwhichisthesameasthat
fortwo-dimensionalcompressibleflow,butthe
independentofMachnumber.Hence,thephase
givenbyTheodorseninreference33.

In orderto investigatethevalidityofthisreasoningsomecalcu-
lationswerealsomsdeby using

c‘ ‘F-J=‘c+‘0
. Also,to investigatethesensitivityofthefluttercalculationsto dif-

ferentformsof circulation-functio~representation,somecalculations
. atthehigherMachnumbersweremadebyusing

c.c(Mm,&). *(1 +.0)
I

Thisfunctionhaszerophasesngle,smditsamplitudeistheratioof
themagnitudesoftheresultantvectorsforcompressibleandticompres-
sibleflow.

Furtherdetailsofthecirculation-functioncalculationaregiven
inappendixB. Themethodforsolvingthefinalflutterdeterminantis
giveninappendixA.



16 NACARM L57L1O
.

RESULTSANDDISCUSSION
“

PresentationofResults

Fluttercharacteristicshavebeencalculatedbythepresentmethod
(usingthreevibrationmciies)forwingswithsweepsnglesfrom0°to
52.5°,aspectratiosfrom2.4to7.4,taperratiosof0.6smd1.0,and
center-of-gravitypositionsbetween34percentchordand59percentchord.
Theplanformsofthesewingsareshowninfigure2. Thecalculated
resultsarecomparedwithexperimentaldataobtainedintheLangley
26-tichtrsnsonicblowdowntunnel(refs.28to 31)andintheLsmgley
9-by 12-inchsupersonicblowdowntunnel(ref.32).

with

with

Unlessotherwiseindicatedthesubsequentdiscussiondealsentirely
calculatedresultsobtainedbyusingthecomplexcirculationfunction

.-

Wingdesignation.-Thethree-digitsystemused”to.identifythewings .
taperratioof0.6isthessmeasthatusedinreference30. The

firstdigitinthissystemistheaspectratioofthefull~ tothe
nearestinteger.Thesecondandthirddigitsgivethe.qusrter-chord .
sweepengletothenearestdegree.

—
Forexample,wing445hasan aspect

ratioof4,a sweepangleof45°,anda til-wingtaperratioof0.6.
Sincesomeofthewingsdiscussedinthispaperhaveidenticalplanforms
butdifferent“center-of-gravitypositions(ref.31),a singleletteris
appendedtotheplan-formdesignationto signifya shiftedcenterof
gravity.Forexsmple,wing445haaa center.ofgravityatapproximate~=
46percentchord,whereasthecenterofgravityofwing445FIsatabout
34percentchord,andthatofwing~~ isatabout58percentchord.
Wing.@Ohasa centerofgravityatapproximately45percentchord,but
wing400Rhasa centerofgravityatabout59percentchord.

Forthewingswithtaperratioof1.0,thesamesystemisused,
exceptthata fourthdigit1 isaddedtodistinguishthetaperratio.
Forexample,wing4451hasa full-wingaspect.ratioof4,a sweepangle
of45°,anda taperratioof1.0.

Fluttercharacteristics.-C!alculatedfluttercharacteristicsV/VR,
m/~, and km sndtheassociatedvaluesof VR, M, ~, and p axe
givenIntableI forseveralwings(seefig.2)atseveralMachnumbers.

*

Thecalculatedvaluesof V/VR and u/@ =e comparedwithexperimental
a
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.
datainfigures3 to 14and15to 26,respectively.Theexperimental
flutterpointsshownwereobtainedatvsriousvaluesofdensityp;
whereas,fora particularwing,allofthepointscalculatedby thepres-
entmethodwereobtainedata constantvalueof p whichrepresented
approximatelyanaversgeoftheexpertientaldensities.Foreachexperi-
mentalpoint,however,thenormalizingVR wascalculatedbyusingthe
appropriateexperimentaldensity.On thebasisofpreviousexperience,
it isbelievedthatnormalizingtheexperimentalflutterspeedsinthis
manneressentiallyaccountsfordensityeffectssothattheresulting
(1)v ‘R exp isconsideredtobenesrlyindependentof p,at leastover

therangeofdensityvariationwhichoccursherein.

Thestaticdistributionsof CZa,n and acn usedinobtainingthe

calculatedfluttercharacteristicsareshowntifigures27to35.For
allofthefluttercalculationspresentedinthisreport,theflutter
mcdesofthewingswererepresentedby a combinationofthefirsttorsion
modeshapeandfirstandsecondbendingmodeshapesofa uniformcantilever
besm.

ThereferenceflutterspeedsVR usedinreferences28,30,and32
forwings430,245,400,4001,end7001werecalculatedby employing
onlytwodegreesoffreedom(firstbendingandfirsttorsion).Since

. three-degree-of-freedomcalculationsyieldvsluesof VR whichme
sltihtlvlowerthanthetwo-de~ee-of-freedcnnvalues,theexperimental

. V/V~ ~ues forthesewings~ve
VR fortwodegreesoffreedom
VR forthreedegreesoffreedom
flutter-speedratiosaspresented
degrees

As
present

offreedom.

shownh figures

beenmultipliedby-theratio

sothatbothcalculatedendexperimental

hereinarenormalizedby VR forthree

FlutterSpeeds

3to14,theflutterspeedscalculatedbythe
methodforallwingsdemonstratea characteristicdecreaseas

MachnumberincreasesfromO tonear1.0. Thisdecreaseistheresult
of ticreasingCZa whichiscausedby compressibilityathighsubsonic

speeds.It shouldbenotedthatat M= O thedifferencesbet~enthe
V/VR valuesshownandthevalue1.0resultsolelyfromtheeffectof
finiteaspectratio.AsMachnumberincreasesabove1.0,decreasing
cz~ andrearward shiftingac causea rapidriseintheflutterspeed.

Intheimmediatevicinityof M = 1.0 theflutter-speedcurvesme shown
dashedto indicatethatthisregionisinaccessibletothepresent
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calculations.Thistiaccessibilityresultsfromthebreakdownofboth
subsonicandsupersonicthree-dtiensionalsteady-flowwi

7
theoriesnear

M= 1.0. Itshouldbenotedthattheminimumvalueof V VR willgen-
e

()

verallyoccurwithinthisinaccessibleregion,and,hence, cszl-
~~

notusually be calculatedbyuseoftheoreticalstaticaerodynamiccoef-
ficientsobtainedfromthewingtheoriesemployedherein.It ispossible,
however,to faira reasonablecurvethroughtheneighborhoodof M = 1.0
bymakinguseoftheadjacentsubsonicandsupersoniccalculatedpoints.
Theextentshownforthedashedportionofthecurvessho~dnot}of ‘-”
course,be interpretedasrepresentingthelimitsoftheinaccessible
region.No attempthasbeenmadeto evaluatetheselmits,andtherange-

—

showninthefiguresisonlyillustrative.

Forallofthesweptwingsthecalctitedflutter_-speedcurvesof
,.figures3 to 14areinverygoodagreementwiththee~erimntaldataat
allMachnumbers.Ingeneral,thecalculatedcurvesactuallyliewithin
thescatteroftheexperimentaldata.Forwing445(fig.3)thereare
no experimentaldataintherange 1.4< M < 1.75.However,theleveling-
offtendencydemonstratedbythecalculatedflutter-speedcurveinthis
Machnumberrangeisinqualitativeagreementwithdataforothershilsr
wings.

Comparisonoftheflutter-speedcurvesforwings445,445F,and445R -
(figs.3,4,and5)showsthattheratherl.g.rgedifferencesbetweenthe
center-of-gravitypositionsforthesewingscauseonlyveryslight-dif- .
ferencesin V/VR atsubsonicspeeds.AtsupersonicmMachnumbers,how-.~_ -L...
ever,thedatashowthatthecharacteristicriseofflutterspeedwith
ticreaslngMachnumberbecomesmorerapidasthecenterofgravityis
movedprogressivelyforward.Thisbehaviorisalsopredictedbythe
calculatedcurves.

Thecloseagreementbetweencalculatedandexperimentalflutter
speedsforwing245(fig.6) israthersurprisinginviewofthesmall.
aspectratioofthiswing. M general,theuseofa @rip-theorytype
ofemlysisanduncoupledvibrationmodesfora wingof suchsmallaspect
ratio(psnelaspectratio= 0.91)wouldbeopento question.Theagree-
mentinthepresentcasemay,therefore,befortuitous.

Formostof”thewingsshowninthisreportnotipcorrectionwas
appliedto acn to accountforthe-forwardshiftofaerodynamiccenter
withinthetipMachcone. (Seediscussionoftipcorrectionsinappen-
dixB.) Forwing430,hotieverjthetipMachconecoveredsolargea
portionofthewingthatitwasconsiderednecessaryto applya tipcor- ““
rectionto acn. (Seefigs.28(d)and(e).) At M = 1.15470,thiscor- “
rectionappearstoberatherlarge.However,a preliminarycalculation
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atthisMachnumberwithoutthecorrectionto
flutterspeedonly13percenthigherthanthat

19

acnyieldeda valueof
shown.Itappesrs,there-

fore,thatunlessthetipMachconecoversa largeportionofthewing,
theapplicationof a tipcorrectionto acn isnotnecessary.

Forthelow-aspect-ratiounsweptwings(figs.10,U, snd13)~ee-
mentbetweencalculatedandexperimentalflutterspeedsisnotasgood
as forthesweptwings.Forwing@O (fig.10)theagreementisfairup
to aboutM = 1.0,butthecalculatedvaluesoverpredicttheflutter
speedby asmuchas2*ttiesat M = ~. ThemagnitudeofthiserrorIs

believedtoberelatedto theproximityofthelocalaerodynamiccenters
to thelocalcentersof~avityandthefactthatlineartheorypredicts
anaerodynamiccenterthatistoofarrear-d. Thishypothesisissup-
portedbytheresultsobtainedforwing400withitscenterofgravity
shiftedfromabout45percentchordto about59percentchord(wingkOOR).
FigureU showsthatforwing@OR at supersonicspeedsthecalculated
curveoverpredictsthemeaueqerimentalvaluesby onlyabout13percent.
Theerroneousresultsobtainedfor@ @ shouldprobablynotbe inter-
pretedas indicatinga limitationonthepresentmethtioffluttercalcu-
lation.Rather,theseerrorsappesrto arisefromthewell-bownlimita-
tionsontheuseoflinearizedflowtheoryto calculateload.distributions
onwingsof finitethickness.Wing400at supersonicspeedsseemsto con-. stitutea verysensitivecaseinwhicha smsllinaccuracyinthelocation
oftheaerodynamiccenterleadsto largeerrorsincalculatedflutter

. speed.InthecaseofwingMl (fig.13)thecalculatedsndexperimentsll
valuessreinverygoodagreementup to aboutM= 1.0. At supersonic
speeds,wherethelocalaerodynamiccentersareshiftedrearwsrdtowsrd
thelocalcentersofgravity,thetheoryagainoverpredictstheexperi-
mentalvalues,thistimeby upto 37percent.Thisdeviationisnot
surprisinginviewofthefactthatwingml isnotgreatlydifferent
fromwing400.

Thecalculatedflutterspeedsforthehigh-aspect-ratiounsweptwing
(~ 7~1, fig.14)aretigoodsgreementwithexperimentthroughoutthe
Machnumberrange.Theimprovedsgreauentforthiswhg as comparedwith
thatforthelow-aspect-ratiounsweptwingsmaybe causedto someextent
by thedecreasedthicknessofwing7001nearthetip. W@ 7001was
taperedinthicknessfrom4 percentattherootto 2 percentatthetip,
whereaswingsb, ~R, sad~01 wereofconstant4-percentthicbess.

Theflutter-speedcurvesshowninfigures3to 14werecalculated
byusingthecomplexcirculationfunction

. c‘ %(’.+“J
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asdescribedpreviously.ThefewpointsobtainedbyUsingthefunction

c =Fc+iO

differfromthecurvesbynomorethan7 percent:- Thiscloseagreement
supportsthepreviouslystatedcontentionthatifphasesingles

t=-’ $)
exemoderatelysmall,lthecalculatedflutterspeedwillberelatively
insensitiveto changesin G. Figures3 to 14alsoshowthatflutter
speedsatthehigherMachnumberscalculatedbyusin.gthefunction

,=m(l+io) ‘- ~ - ““: ““-

m-’’’”-””

differfromthecurvesbynomorethan10or11percent.Although,as
—

expected,thepointscalculatedh thismannerdonotagreewithexperi-

(
mentaswellasthecurvesobtainedwith C =

:PI+i’~))~t’es~~ -
differencesbetweenthemdopointouttherelativeinse.nsititityofthe
calculatedflutterspeedtotheformof circulation-~ctionrepresenta-

.

tionused. —

Inmakingthefluttercalculationspresentedhereinitwasobserved
thatforallbutthehighestsubsonicspeedsthecirculationfunctionsFc
and Gc arenotgreatlydifferentfromthefunctionsF1 and G1 of

Theodorsen.At M = 0.75 forthewingsshowninfig~e 2,theuseof

c=F1+ iG1 insteadof C =
:(FI + ‘GI)

changestheflutterspeedby

onlyabout4 percentorless. Itwouldseem,therefore,thatthemodified
.-

circulationfunctionsneedbeemployedonlyathighsubsonicandsuper-
sonicspeeds.

lItshouldbe clesrlyunderstoodthatthequantitytan-l$

phasesngleofthecaplexcirculationfunctionC = F + iG and
notbe confusedwithanyphaseanglesassociatedwiththewing
displacements.

isthe

should

.
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FlutterFrequencies

.

( FC
Thecalculatedcurves with C =

( ))
— F1+ iG1 offlutterfrequency
F1

(figs.15to 26)indicatethatforallofthesweptwingsthefrequency
iswellpredictedatsubsonicspeeds.At supersonicspeedstheusual
riseinfrequencyispredictedby thetheory,butitoccursatMachnum-
bershighenthanthoseindicatedbythetestresults.Ingeneral,the
sgreementbetweencalculatedsndexpertientalflutterfrequenciesisnot
asgoodastheagreementbetweencalculatedandexpertientalflutterspeeds.
Thefrequenciescalculatedforthesweptwingsbyusing

i
’12+ %2

areallexcessivelyhigh,exceptatMachnumberswheretheleacldngedge
issupersonicornearlyso. At thesehigherMachnumbersthefrequencies
thusobtainedaregenerallyinbetteragreementwiththeexperimental

valuesthsmarethevaluesobtainedwith C = ~(F1 + i%).
J.

“

Forunsweptwing4001(fig.25),thenumberof calculatedpointsis
notsufficientto indicatewhetherthepronounceddipinfrequency,which
occursathighsubsonicMachnumbers,ispredictedbythetheory.At 10W

( FC
supersonicspeedsthecalculatedcurveswith C = ( %))—F1+i over-

F1
predictflutterfrequenciesby a substantialamount.However,thedif-
ferencesbetweentheoryandexpertientbecomemuchsmalleratthehigher
superscmicspeeds,exceptinthecaseofwing400(fig.22). Thefre-
quenciesaswellastheflutterspeedsof

a factorofnearly2$. As inthecaseof

fortheunsweptwimgsobtainedbyusing

wing400areoverpredictedby

theswept-S thefrequencies

FC2+ GC2

c= ‘r’

1

F12+ G12

+ 10)

areallexcessivelyhtih..-
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LimitationsoftheMethod

Althoughthelimitationsofthismethodhavenot-beenfullyevalu-
. —

ated,someofthemoreimportantrestrictionsmaybe qualitatively
discussed. .—

Frequencyrange.-As statedpreviously,theuseofspsmwiseload-
—

distributionsbasedonlift-curveslopesandaerodynamiccenterscalcu-
latedfromsteady-flowwingtheoryimposessnupperboundonreduced-
frequencyvaluesforwhichthemethodcanreasonablybeused. No attempt
hasbeenmadeto determinetheupperlimitsofreducedfrequencyforwhich
themethodisusable,butgoodresultsforvaluesof .Icm upto 0.2me -.
shownherein.

Machnumberrange.-Thenatureoftheequationsforthecirculation
functions(eqs.(B38)@ (B39)or (@@) and(ml))showsthatat Mm = 1,
thecirculationfunctionsbecomeFC=GC=O. Thisimpliesthata small
rangeofMachnumberinthehmediatevicinityof Mu = 1 isinaccessible
to thepresentmethod.Thisisnota seriouslimitation,however,because
a curveofflutterspeedorfreqyencycanbereasonablyfairedthrough
thistiaccessibleregionbymakinguseofadjacentpoints.Forthewings
calculatedinthisreport,thereappearto beno suddenorextremefluc-
tuationsofflutterspeedorfrequencyh thisregion. .

ThelimitationsonMachnumberrangeappertainingtotheparticular
steady-flowwingtheoriesusedare,ofcourse,carriedoverto theflutter .
calculation.Ingeneral,thiscsrried-overrestrictionwillexcludefree-
streamMachnumbersintheimmediatevicinityof1.0,aswasmentioned
previously.

Fluttermodes.-Theuseofuncoupledmodesincombinationwitha
striptheoryinvolvingstripsnormaltotheelasticaxisisnotan
essentialrequirementofthepresentmethodofflutter-calculation.An
analogouscalculationprocedurewouldresultfromtheuseof coupled
modestogetherwithstreamwisestrips.Fluttermodeswhichinvolve
significantsmountsofemberdeformationobviouslycannotbe treatedby
themethodinitspresentform.Asmentionedpreviously,allflutter
calculationspresentedhereinweretie byusingthemodeshapesofa
uniformcantileverbeam.Sincetheresultsoftheflutteranalysissre
notverysensitiveto slightchsmgesinmodeshape,sucha procedureis
reasonableaslongaaaspectratioandespeciallytaperratioarenot
toosmall.

Plan-formrange.-Thestrip-theoryconceptswhichwe employedin
thepresentmethodalsoimposeplan-formlimitations._Whenaspectratio _ ‘.-
ortaperratioorbothbecomesosmallthatthevariables(notablyherein,
aerodynamicloadingandcirculationfunctions)associatedwitha given “
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sectionofthewingcsnnotbe treatedby striptheory,thenthepresent
. methodisno longerusable.

Center-of-gravityposition.-Althoughtheinfluenceofdifferent
center-of-gravitypositionswastivestigatedforonlytwoplanfores
(wings445and400),itappearsthat,incasesforwhichthelocalcenters
ofgravitysrelocatedclosetothelocalaerodynamiccenters,ltiesrized
flowtheoryshouldbe employedonlywithgreatcaution.Thislimitation
isnotpeculiartothepresentmethod.Itwouldapplyto anyfluttercal-
culationforwhichtheaerodynamicloadingssreobtainedfromlinear
theory.

At subsonicspeeds,neitherthesweptnortheunsweptwingsdemon-
strateanyappreciablesensitivityof V/VR to center-of-gravityposi-
tion. Thisresultwouldbe expectedsinceat subsonicspeedslocalaero-
dynamiccentersme atornesrthequarter-chordpositionandarenoth
proximityto thelocalcentersofgratity.

CONCLUDINGREMARKS

A methodhasbeendevelopedforcalculatingfluttercharacteristics
offinite-spansweptorunsweptwingsat subsonicsndsupersonicspeeds.
Themethodisbasicallya Rayleightypesnalysisandisillustratedherein
withuncoupledvibrationmodesalthoughcoupledmodescanbeused. The
aerodynamicloadingssrebasedondistributionsof sectionlift-curve
slopesndlocalaerodynamiccenterscalculatedfromthree-dhensional
steady-flowtheory.Thesedistributionsareusedincon$mctionwith
the“effective”angle-of-attackdistributionresultingfromeachofthe
asswedvibrationmalesinorderto obtainvaluesof sectionliftand
pitchingmoment.Circulationfunctionsmodifiedonthebasisofloadings
fortwo-dtiensionalairfoilsoscillatingina compressiblefloware
employedto accountfortheeffectsof oscillatorymotiononthemagni-
tudesendphaseanglesoftheliftandmomentvectors.

Calculationofsubsonicendsupersonicfluttercharacteristicsfor
12wingsofvaryingsweepangle,aspectratio,taperratio,sndcenter-
of-gravitypositionandcomparisonoftheresultswithexperimental
flutterdataindicatethatthepresentmethodgivesgenerallygoodflutter
resultsfora widevarietyofwings.Themethodis,however,subjectto
thefollowinglimitations:

(1)It isprobablynotapplicableathighvaluesofreducedfrequency,
althoughgoodresultssreshownforvaluesofreducedfrequencyup to

1 about0.2.

.
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(2)It cannotbeusedatfree-stresmMachnumbersintheimnediate
vicinityof-1.O norinthetiediatevicinitywheretheMachnumbercom-
ponentno- totheleadingedgeis1.0. However,flutterspee~S@
frequenciesmaybe interpolatedthroughtheseregions.

(3)!lheuseofa strip-theoryapproachandtheabsenceof csmber
flexibilityprecludetreatment--ofwingswithlowaspectratioandlow
taperratio(e.g.,deltawings).Goodresultshavebeenobtained,how-
ever,fora 45°sweptwingwitha panelaspectratioof0.91.

(4)Cautionmustbeusedwhenapplying”themethodtowingsforwhich
the10CSLaerodynamiccenterswe closetothelocalcentersofgravity.

LangleyAeronauticalLaboratory,
NationalAdvisoryCormdtteeforAeronautics,

LangleyField,Va.,November26,1977.

—

.
—

-.
—
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APPENDIXA

DERIVATIONOFTHEFLUT’TIIREQUATIONS

FlutterEquations

Basicassumptions.- Thedynamicalequationsusedinthepresent
methodareessentiallythesameasthosederivedinreference22,except
forchangesintheeqressionsforlift P,pitching-moment~, and
circulationfunctionsF and G. Thegeneralassumptionsappertaining
tothemethodofreference22thusapplyhereinalso. Briefly,the
assumptionsmadewithregardto theeqmtionsoflnotionareas follows:

(1)Theelasticaxisofthewingisapproximatelystraightand
theoscillatorymotionmaybe representedby a conibinationofthe
uncoupledbendingandtwistingvibrationmodesofthewingwithrespect
tothiselasticaxis.

(2)Thewingrootistreatedasthoughitwereclampedalonga
linenormaltotheelasticaxisandpassingthroughtheintersection
of theelasticaxisandtherootchord.

.

(3)me SJMWSiS isbasedon geometric,structural,andaerodynamic
quantitiesassociatedwithsectionsnormaltotheelasticaxis. These

. assumptionsarediscussedindetailinreference22.

ApplicationofLagrange’sequations.-Thedynamicalequations
resultfromtheapplicationofLagrange’sequationsofmotionto the
flutterproblem.Forsimplicity,theflutterequationsarederived
hereinforthecaseofonebendingmodeandonetorsionmode.
Generalizationtoanarbitrarynumberofmodesiseasilyaccomplished
intheflutterdeterminantaswillbe illustrated.(Thenotationof
ofref.22hasbeenfo~owedwherepossible.)Inthepresentmethod
theappropriatee~ressionsforkineticenergy

(Al)
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potentialenergy

I

1

I

z
u = *%2 2 ‘+ +azgamfhdy Iaf~2dy‘ (A2)

o 0

.

andvirtualwork

8W= Qh8~+

arethessmeasthoseofreference22.
Intheform

-1
Qh= 1(o P-%2

Qe8EJ (A3)

Thegeneralizedforcesareleft

)
~ fh~fhdy’ (A4)

and

SubstitutingtheseexpressionsintoLagrange’s

and

andassumingharmonicosci~ations

equations

—

h=h(y’)lh= Wy’)lhoem —.

.

(A5)
.

L—

——
(A6) “-

(A7) -

(A8)

.
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and
.

e= ~e(Y1)lQ=~eb’]eoeid
leadtotheequationsofflutter

(A9)

(Ale)

and

Inthecalculationsofthepresentreport,uncoupledbeambendingand
torsionalmodeshapes~ and a~ areusedfortheflutterdeflection

functionsfh and fe. Theintroductionofuncoupledmodesintothe
flutterequationsisdiscussedindetailinreferences22and34.

.
E@ressionsfortheelementsoftheflutterdeterminantresulting

fromequationsofthetype(AIO)and(All)aregiveninthefollowing
sectionbothforthecaseofan arbitrarynumberofvibrationmodes
andforthecaseofonetorsionandtwobendingvibrationmodesasused
inthep?esentanalysis.

TheFlutterDeterminant

lksertingequations(6)and(7)intoequations(AIO)and(All)
andusingequations(A8),(A9),and(~) yieldtwohomogeneousequa-
tionsinthetwounknowns~ and ~, whichmaybewritteninthe
form

andfora nontrivialsolutionto existy

(A12)

.
IIAB =0
DE

(A13)
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Nowif u bendingmodesand v torsionmodesareemployed,the
elementsoftheflutterdeterminant(A13)willbecomematricesAij> .

BiJ ) ‘q‘ and Ei~)suchthat —

%j Bij =0
Dij Eij

(A14)

Thesolutionofequation(A14)givestheconditionsofflutter
(flutterspeedandfre~uency).”Theprocedureforsolvingthisdetermi-
nantisgivenattheendofthisappendix.Express~onsfortypical
elementsinthematricesAij~ Bij, Dij,and Eijareasfollows:

B2hi2dq+

.

(i=l,2,3, .s. u).

11 2C I 1
Aij= -1 ‘%ihji~+ i -—

‘%?? o c1 ‘hihjdq+
o a,n

,.,.
,,
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.

br2t~&a 1
i

1
%B% —

% o dll‘id” (
i=1,2,3, . ..u

)J=1,2,3, . ..v

J

1
: B%jcqdq+ brz

J

1
Dij= -brZ. B3aha dq -

0 0 ji

( =1,2, 3,. ..v
: =1,2, 3,. ..u )

.
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E,,= [~)’(.+,%)-+r’zp+%’.q-
br2Z ~

J’
1 2

-=-~ o (c2Baa,n )
- acn~’d~ - br’,~’ B4(~+ a’)ai’dq-

br’z,~ 1
i

! (
~3cZa,n——

‘i%lro %u,n a )(
—+acn-a a-acn

)
ai’d~+

c~Nbr3tan&a 1 B3 a,n+

%2 o 2’

) dai

( )
acn-aa-acn — uidtl+

all

(i=l,2,3,0.,v)

br’z c 1
‘ij”-— — J

B’a - acnaiajdq- br2Z‘X km’ O %ajn ( )
~’ B4($+a’)aiajdq-

br2Zc 1iT
EJ CJ rB3h+a%

_)(. .)
-aa-acn atajd~+

o a,n . ‘Z
(equationcontinuedonpage31) .

.
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br2Z~
Jr

2
i—

km o
B3 “n + acn-

2at )
a aia~dq-

) da

( )
+acn-aa-acn d— aidq+

dq

br3tan&a
J’(

1 B3Cza,n
)
daj

+ ac — aldq+
%r2 0 2’

n dq

Inthespecialcaseofthreedegreesof freedom(firstandsecond
bendingandfirsttorsionnmdes)usedthroughoutthepresentinvestiga-.
tion,theflutterdetermiut (eq.(A14))becomes

W5)

Theelementsofthis
forms

AU =
(
a1-ta2—

L+

(AU= b1-tb2—
t+

%1 % Bll
%1 A22 % ‘o

‘U ’12 ‘l-l

determinantcsmbe convenientlyeqmessedinthe

)(

a4

)—+i G-a2&+a3& ‘RIZa3<2

)r
b~+i~-3 ~r2 %?? b,& )

+ b5.~z
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.

Bll=

(

Cl

)(

C4

L2 )

+=3AC.l+C2~+c3—
‘i G-c2& 1#

.

[ -+(‘4’21
)

~+d —
= ‘l+d%+d3~Fr2 ‘%-d%r 3:2

(’22= ‘1
)r

+e2Q+e3L +i.JL-
% km2 % )

‘~+e ~ -R2Z .
‘2%? 3km2

( )(‘4
’21“ fl+f JGf L+i — -

2%Yr )

3_+ f3_G_
3%r2 k ‘2~ %??2

( )( 84
’11

)
= ‘l+g&+g3fi +iE-g2%5+g3 &

( %)( )‘12=%+h2&+h3&+i~-h2&+ ‘3&

(nll+~-Q+InL )r+li+i )I&m2~+m3:2 -R3Z’11= km 3%2 %lr2

where

c =F+iG

—

“-z=()~2(1+ig)

and

—
.

.-
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br tan&a. *3= ~ @

bl d=-z6

br ‘m 4a ~
b3 = ?c 6

c1=&@+ brZ@

brlo11+br%n&aC3=T Z

‘1 =-z@
.

.

br tan
‘3= ~ b’ o4

brl
a

br%a&a
‘3=7 1+ Yc

-z
f31=—tipbr@+ brZ@

ah .

‘4=

‘2 =

‘4=

f2.

a1 ‘4=

g2=

brl~ -br2tan4a @

-z
-R-Cf3

br tan~a Cf5
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.

-br2t=&a @ g4 = -br2b=J& @
‘3= ?c

.

‘1=*6 dO +brt13 %?=%W

-z
@ br2Z@ br2Z

‘1== 0 - @9=72

-br21
Q

br3tan4a
‘3=72 - ~ @2 ‘4=br2Z@ +br3temAea@

b 3tanAea @
‘5= r

andthecirclednumbersrepresentthefollowingintegrals:

1

@=L
mh12dq d= ~= %2d~

@ = L’‘%’2d’

.-—
.

.

.—
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.

●

✎

.

-.

.

(@=J’ *ah’ad,

s’ I 1

‘2 Bh2adq
o a, n

(@=~’cza,~’CS’n+ ‘= 10’czaj.B2fJ’n+
acn )-a hladq acn-

)
a h2adq



C$=J1 (F ‘Za,n+
C2a,n ‘rr

@ = ~’ ra’mm’a’d, @ =J’C%vi”(a-acn)a’d’‘ :
,.
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@ = J’B4(*+.2).2.,

@ = p+y+

r@=J’ch,r?’L’n+

)( ) 2acn-aa-acnadq

@’J’ (’%a~B3%a,n ‘X +

Q=r ‘4($+a’)%“

Theseintegralsareeasilyevaluatednumerically.(@y aboutone-half
oftheseintegralscontainCza,n or acn. Hence,onlythese’integrals
changewithMachnumber.Fora“givenwingtheremainingintegralsmay
be evalutedonceforall. Notethattheintegralsareindependentof
densityp. Thedensityappearsonlyas a multiplyingfactOrin al)
c,e,f
1 1 1’ ‘1’ ‘1’ 5’ ‘1’ ‘2’‘d ‘3”

SolutionoftheDeterminant

Fora givenwingata givenMachnuniberthethree-by-threeflutter
determinant(eq.(A15))wassolvedfor Z onan electronicdigital
computerforvariousvaluesoftheparameter~ (andasso$atedvu~es
of F and G). Thisevaluationof Z yieldedvaluesof — and g

* b~
correspondingtothevarious~ values. ‘nA plotof g against—

b~
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.

thengavethevalueof ~ and ~ forwhich g = O. Thesevalues
br~ .

and —

definea flutterpoint.ThentheflutterspeedV is

andtheflutterfrequencyu is
.

.
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PROCEDUREFOR

Thefollowingprocedure
herein.

APPENDIXB

MAKINGFLUTTERCALCULATIONS

wasusedinmakingthecalculationspresented

SmmsryofRequiredInformation

First,a summarysheetissetup shilsrtothatshownintableII.
Theentriesonthissheetrepresentalltheinformationnecessaryforthe
evaluationof titegrals@ to @, coefficientsal to m5,and Rl~

%, ~d R3 listedinappendtiA. Thesecoefficientstogetherwiththe
circulationfunctionsF and G (calculationofwhichisdiscussedat
theendofthisappendix)permitevaluationofthedeterminantele-
ments Au to E~ snd,hence,solutionoftheflutterdeterminantas
describedinappendixA.

. Columus(1)to (5)ofthesummsxysheetcontainwingmassandelastic
parameterswhich,inthepresentcase,weredeterminedexperimentally.
Alloftheexpsrtientalflutterdatashownhereinwereobtatiedwiththe

. wingsmountedona fuselage.(Seerefs.~ to 34.) Thecalculations
werethereforemadeconsideringthewingstobe cantileveredfromthe

()%12
sideofthefuselagewhichwasasswd fixed.Thequantities~,

K

()%22
z- , snd Z listedatthetopofthesmmarysheetarealsomeasured

values. bColumn(6)containsvaluesof B = —, thenondtiensionalized
br

semichordmeasuredperpendiculsxtotheelasticaxis.Thenondtiension-
alizhgvalue br isthesemichordb at stationq = 0.75.Values
of b maybe obtainedfromthefollowingequations:

b-=
s

em-km
(K1+K2) + (Kl- K2 a

(Bl)

-“
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where

Kl=4&sl
cosAm

K2 = Cos(%a-%)
Cos~

1

)

NACARML57L1O
.

.

(B2)

(B4)

(B5)

Thegeometricalquantitiesappe~ingintheseeqwtion~areshowr_infig-
ure36. Notethatinequation(B3)thevaluesofa8peCtratioAp and
taperratioXp tobeusedarethoseobtainedby consideringthesideof
thefuselegetobea reflectionplane.Inequations(B5)it isbunaterial
whetherA and A sreobtainedby consideringthereflectionplanetobe

—

atthesideofthefuselageoratthefuselagecenterline. -L

Columns(7)to (12)ofthesummary sheet(tableII)aretheampli-
tudesendslopesoftheuncoupledvibrationmodeshapes.Thesem~e .

shapesmaybe calculatedfortheparticular.yi.ngby anyofthemethods“-
giveninreferences36and”37.However,sinceflutterspeedisnothighly -
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.

sensitiveto slightchsngesinmodeshspe,themodeshapesfora uniform
cantileverbeammaybeusedifaspectratioandtaperratioarenottoo.
small. KU calculationsinthepresentreportweremadeby usingthe
firsttorsionendfirstsadsecondbendingmodeshapesfora uniformcanti-
leverbesmasgivenintableIIIandfigure.37.(Equationsgoverninghsr-
monicbendingortorsionaloscillationsofa uniformcantileverbeamare
derivedinref.37.)TableIIIcontainsaU combinationsofthesemode
shapeswhichsrerequiredforthecalculationof titegrals@ to @ .

AlsopresentedintableIIIaretheintegralsofthesemode-shapecom-
binationswhichareusefulinevaluatingtheintegra~foruntapered
wings.

Columns(13)and(14)oftableIIrepresentthedistributionsof
staticaerodynamicparametersata givenMachnumber.

CalculationofStaticAerodynamicParametersCza,n ad acn

Thevaluesoflocallift-curveslope Cza,n areobtainedforsec-

tionsnormaltotheelasticaxisby applyingstiplesweeptheoryto CZa
vs3uesforstresmwisesections.Thus,

. CZa
cZ~,n =

COB &a
(1%)

Theuseofs~le sweeptheorytogetherwithvaluesof cZa forstresm-

wisesectionsresultsin Cza,n valuesdifferentfromthoseobtainedby
directintegrationofpressuresoversectionsnormaltotheelasticaxis.
However,theresultingdiscrepanciesarenegligiblysmallexceptnea the
wingrootwheredeflectionamplitudessresmall.(Seefig.27(e).) The
useofsimplesweeptheoryshouldthuscausenegligibleerrorsinthe
valuesoftheintegrals@ to @ . Thelocalaerodynamiccentersacn
inunitsof semichordb andmeasuredperpendiculartotheelasticaxis
srefoundfrom
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acn=[ac(TEj~m)-(.a)K]cos&.+a
={[ac 1(KI+ K2)+ (Kl- K2)a

}
- (1+ a)Kl cos&a + a (B7)

Distributionsof Cza,n snd acn forallthewingscalculatedareshown
infigures27t. 35. As indicatedinfigures27(e)sad(f)thevaluesof

Cza,n and acn usedinthefluttercalculationsdonotalwayslieonthe
curvesof Cl and a% distribution.Theintegrals@ to @

(appendixA) %: evaluatednumericallybyusingvaluesofmass,elastic, —
andaerodynamicparametersat q = 0.05
Therequiredvaluesof Cza,n and a%

overtheq-titervalsO to0.10,0.10to
valuesdonotcoticidewiththe CZa,n
nearpointsof sharpchange.

to0.9-5,inincrementsof0.10.
thereforeareaveragevalues
0.20,. . . 0.90to 1.00.These
and acn distributioncurves

—- *—

Subsonicfreestresm.-Inthecaseof subsonicfree-streamveloci~y,
thespanwisedistributionof Cla isfoundbythemethodofreference24. -
Forthesesubsonicloadingcalculations,thefullwingisconsidered.
Thatis,thereflectionplaneisconsideredtobe atthefuselagecenter
line,andthepresenceofthefuselsgeisneglected.Theeffectofthe
fuselageontheactual.loadingisfeltprhnarilynesrthewingroot.
Sincedeflectionamplitudesaresmallneartheroot,theoveralleffect
ofthefuselageontheintegrals@ to @ shouldbenegligible.Since

thelosdingdistributioniscomputedforthefullwingincludingfuselage
interceptandsincethedistributiononlyoverthewingpanelisrequired
inthefluttercalculation,thefull-wingdistributionof Cza isplotted,

andvaluesarereadoffat stationscorrespondingto q = 0.05,0.15,
. . .0.95 ofthewingpanel.(Seefig.38.) Forsubsonicfree-stream
velocity,a.n= -0.5 isusedthroughout.Thisvaluecorrespondsto the
aerodynamiccenteratthequarter-chordofa sectionnormaltotheelastic
axis.

Supersonicfreestream.-Forsupersonicfreestream,thecases
subsoniclesiiingedgeandsupersonicleadingedgeareconsidered.

.—

of
● “

.
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(1)Subsonicleadingedge:M the
velocityandsubsonicleadingedge,the

43

caseof supersonicfree-stresm
spanwisedistributionsof cz~

andac arefoundby themethodofreference25. Forthesecalculations,
thewingistreatedthroughoutaEthoughthesideofthefuselageisa
reflectionplue. Thisassumptionseemsreasonablesinceinthelinearized
theoryofreference25thedistributionofloadingonthewingpsnelis
dominantlyaffectedbyMachwavesemanatingfromthewing-fuselage
juncture.

Whentheleadingedgeissubsonicsndthetrailingedgeissuper-
sonic,as insketch1,

1

Machlines

Sketch1

theexpressionsforstreamwise%~ snd ac takea verysimpleform
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c% c%,1 4 2 .:-
ac=—= 1. Em - 2E.U+

)

loge~ (~,
CL= c%,1 ‘2Em - km

e
2 - E~-2 ‘ E.LE

.

whereE = E
(1=)

isthecompleteellipticL_titegralofthe

secondkind.Expressionsfor 6U, ~~~ ~d tanALE ~e givenbY
equations(B2),(B3),and(B5).Thenumericalsubscriptsthroughout-
refertotheloadingareasintheappropriatesketch.Notethatfor
thisconditionac isa functiononlyofwinggeometryandthatMach
numberaffectsCza onlythroughthefunctionE. E~ations(B8) .—
and(B9)containnoprovisionforaccountingforthelossof loading
withintheMachconefromthetipleadingedge.Theprocedurefor
applyingtipcorrectionsisdiscussedsubsequently.

Whentheleadingedgeendtrailinge~e me bothsubsonic~as ~ _
sketch2,

—

.—

Sketch2

.

.

.
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theloadingsindicatedby equations(B8)and(B9)mustbe correctedto
accountforthelossofloadingbehindtheroottrailing-edgeMachline.
Forthiscondition

(B1O)

where Cza,l and ~, ~ areobtainedfromequations(B8)and(B9),and

thefirstkind,and

thecompleteelliptic integral ofthe

istheincompleteellipticintegralof

h
(B12)
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($)= S,.-1JEZ
i

1-
f32

tsnp~

(B13)

Equations
discussed
ficiently

(Bll)representonlythe“symmetric”trailing-edgecorrection
inreference25. However,thisqusntityisconsideredsuf-
accurateforpresentpurposes.TheintegralsinequationscB-U)--

sreevaluatednumerically.

For q stationsneerthe-wingtiptheload4ngsgivenbyequa-
tions(B8),(B9),or (B1O)mustbe correctedtoaccountforthelossof
loadingwithintheMachconefromthetiple- edge-men thele~w.
edgeissubsonic,asinsketch3,

—

-.
.—

.

.

—

.
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thesecorrectionsare
pointsP, S, and L

47

madeasfollows:First,thespanwiselocationsof
(seesketch3)arefoundfromtheequations

Ts= Vp+ (Em - ~ea)n=np
Sill.kaCOSA.ea

where

and

*

. where

(B14)

(B15)

(Seefig.36.) Themore
ofthepotitsSandL

inbosrd(measuredparalleltotheelasticaxis)
representsthe q stationatwhichthetip

effectfirstbeginstobe felt.

Theloadintensityonthewingrisesfromtrailingedgeto leading
edgeandapproachesinfinityattheleadingedge.Therefore,M ~S< ~L~

thelossofloadingcausedbythetipwillbeginatthetrailingedge
whereloadintensityisrelatively.lowandgraduallyextendforwardinto
a regionofhighloadintensityas’thetipisapproached.Thelossof
10d~ outboardof qs willthusproducea curveof Cz as a func-a,n

. tionof q whichhasnegativecurvatureaswellasnegativeslope.(See
fig.39(a).)Nowthestaticaer~~c lo-g P~~eters ~e ~tro-
ducedintotheflutterequationsthroughstriptheorywhichigpliesthat

.
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theloadinghasa quasi-two-dimensionalcharacter.Fora sweptwingan
exactstripwiseevaluationoflosiiingnearthetipwowd thereforeha~
questionablesignificancesinceneitherthewingplsnformnorthepres-
suredistributionisquasi-two-dimensiotih thatregionoInviewalso
ofthedifficultyinperforminganexactstrip~seintegrationofloading
nearthetip,a reasonablefairingofthe.cZ~,ncurveisconsidered“–

adequate,eventhoughthisfairingoccuzsat spsnwiselocationswhere
wingdeflectionisgreatest.Forthecaseof qs< vi (fig.39(a))~

theapproximatecurveusedisgeometricallyderivedfromthatobtained
by stresmwiseintegrationoflosdinginthe_tipregion.Thegeometrical
derivationconsistsofapplytiga const~tstretc~g.factorto thecve
obtainedby streamwiseintegrationofthetiploadinginorderto fit
thiscurvetotheknownloadingat T = vs. Theappropriateeq~tions
forthisstreamwisecalculationareeqpations(6),(15),snd(26b)of
reference25. NoreflectionsofMachlinesfromplsn-formedgesarecon-
sidered.Forwing445,flutterspeeddeterminedby usingthistypeof
fairingandthatobtainedbyusingexact.stripwiseintegrationoftip
loadingdifferedby only0.6percent.

If TS= ?L,theCllrmof Cla,n hasa sharpdiscontinuityat

7 = l-is= ~L. (Seefig.39(b).) Inthiscaseanacc~aterepresentation

oftheloadinginthetipregioncanbe obtainedwith-_theaidofi’i~-e7
ofreference25. This
line.A straightline

c~ve to zeroat VT.

.
..-

-.

.-

figuregivesthelossofliftacrossthetipMach
isused,as infigure39(b),to fairthe CZan) .
Thevalueof VT is_givenby

(+E~- )~eaq=l‘h&a Cos&a (B17)

lf qs>~LJtheregionofhigh

islostfirst,sothatthecurveof

tiveslopejustoutboardof VL”but

loadintensitynesrtheleadingedge —
Cza,nagatistq hasa steepnega-

hasalsoa positivecurvature(asin
fig.39(c)). inthiscasea straightlineisusedtofairthe Cla,n curve—
between~L and v = 1. Inno caseisanyloadingoutboardof q = 1
usedinthefluttercalculation.

b general,notipcorrection- applied-to.acn s~ce suchcor-
rectionswouldoccurinonlya smallregion.Forw5ng430,however,the
point qs wassofarinbosrdthatitwasconsiderednecessayto apply
a tipcorrectionto acn. (Seefigs.28(d)and(e).)Thiscorrection ‘

4
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wasobtainedinthessmemanneras

thecorrectionwasdeterminedfrom

49

thecorrectionfor Cz . ThatiS,a,n
streamwiseintegrationofliftand

pitchhgmomentfromwhich

(2)Supersonicleading
as insketch4,

ac andhence acn werefound.

edge:whentheleadingedgeis supersonic,

Sketch4

thespanwisedistributionsof cZa and ac arefoundby themethodof

reference26. Againthewingistreatedasthoughthesideofthefuse-
lageisa reflectionplsne.Valuesof Cl ad acn arefoundfroma,n
CZa and ac by applyingsimplesweeptheoryasde%cribedpreviously.
TheprocedureforfindingCZa and ac iSas~OllOWS:Ffist~f~d the

.
spsmi.selocationsofpointsP, O, snd Q (seesketch4)by usingthe
equations:

.
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tan~+p- 4
Apl+hp

nn=

.

(B19)

(B20)

Ifpoint O liesonthewing,thenfor Osvsvp)

and

%=

For

cl=a

snd

.

.



.

.

.

and

Cza=

and

where,asbefore,

(B29)
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and

—

Also,

k%)=(%)‘(%)‘1
where

P

S = (R- l)tsn2A~

‘1

NACARML5’7L10
.

—

(B30)

(B31)

.

.-

(B32)

T ( )=tal l@+ 2p+tsn A-(1-q) J
Ifpoint O liesbehindthetrailingewe, then ~p> 7Q,and Cxa

smd C% areobtatiedasfollows:

For O ~ q ~ VQ, fJza ad C% me givenby equations(B21)snd(B22); -
for VQ ~ ~ ~ ~p> —

-.—
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(B33)

(B34)

equations(B27)and(B28).

Alloftheintegralsintheforegoingexpressionsfor CZa snd ~
areevaluatednumerically.

It shouldbenotedthatforthecaseofsupersonicleadingedgeif
VS< qL>no seperatetipcorrectionisnecessary.Approximatelycorrect
valuesof Cza,n and acn inthetipregion(TI> ~s)sreobtainedby
applyingshple sweeptheorytothevaluesof Cza and ac result~

fromequations(B23)to (B28).Loadingsofthistypewe shownin
figures28(e)and34(d).If VS> ~L,thenthe CZa,n curveisfaired

witha straightltiebetween~L and q = 1. (Seefig.39(c).) Inthis.
lattercase,equations(B23)to (B28)neednotbe evaluated.

CirculationFunctions

Asmentionedinthebodyofthispaper,thecirculationfunctionsF
and G,whichappearinthedeterminantt elementslistedinappendixA, are
obtainedfromaerodynamiccoefficientsgiveninreference27fortwo-
dimensionalairfoilsoscillatingincompressibleflow. (Shilsrcoeffi-
cientsforsupersonicspeedsonlyarealsogiveninref.38.) Thesecoef-
ficientsZa, ZZ9 %9 mz aredefinedinreference27 so that

and

(B35)

(B36)”
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inthenotationofthepresentpaper,where hu is the value oftrs,ns.
lationdeflectionattheleadingedge.Nowanotherexpressionforlift
inthecaseoftwo-dimensionalcompressibleflowmaybe obtainedfrom
equation(6)bydeletingthetermscontainingu and -r.Thus,

[ ● ~~n+acn-J~](B37)P = -fipb2(v6+ h - bae)- Cza,npvbCW + h+ b —

where --

}
for M<l

a~=-$ J
and

4
c2~,n= ~

1

~

for M>l
acn. 0

Expressionsforthecticu,lationfunctionsintermsoftheaerodynamic
coefficientsofreference29maybe obtainedbyequatingexpressions(B35)
and(B37).Equatingthetwoexpressionsfor p (eqs.(B35)~d (,37)),
using .- —.

i=idl

% = -CD%

ii= -&h
.—
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forsimplehsrmonicoscillation,andnotingthat

leadto

where

Zz = Zz(M,knr)= z~’+ izz”

Considertigonlythepitthingosc~tion, thatis,putt= h = O)
permitssimplificationto
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or

Fc=

and

.,

[
Cla~I( )[ M Cza,n21a‘- (1+ a)z~’+&---& +acn - a 21a”- (l+a)ZZ” - I&# —

)

czd’+bz~+%)~ a ‘*C”

[
2xti”- 1((l.+8)2=”-&*+ecn )[-e.21a’- (1+ a)zz’-

‘%”

czan[1+~2&+:cn~2 ]”k+”L3a(~+acnaj

(B58)

(B~)

.

—

Analogousexpressionsfor Fc and Gc cmildbeobtatiedbyequating-
expressionsforpitchingmoment~ insteadoflift‘P. It-wasindi-
catedpreviouslyinthisreportthatuseofthepresentmethodforpre-
dictingfluttercharacteristicsshouldprobablyberestrictedto cases
forwhich~ ismoderatelysmall.Therefore,the %3 terminequa-

(Cla,ntion(B39)maybedropped.mthermore,thefactor
)

—+acn-a
a —.

doesnotvarygreat~withMachnumberexceptintheimmediatevicinity .I
of M= 1,andthisvicinityistiaccessibletothepresentmethod.
Therefore,sincethisfactorisalwaysmultipliedby ~ or ku2,
onlysmallerrorwillbe introducedintothecirculationfunctionsby

(Cla,ntakingthroughout
)

—+aCn-a = ~, whichistheincompressible
2?( -.

flowvaluewith a = O. Thevalue a = O impliestorsionaloscillation
aboutthemidchord.Equations(B38)and(B39)thenreduceto —

(N-o)
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(B41)(22a” -““)-%7=a’-‘“)-‘km
Gc =

C2
[oj.,.l+%2

Thesee~ressionsfor Fc and Gc axeindependentofwingparameters
anddependonlyonMachnumberM andreducedfrequency~. As men-
tionedinthebodyofthisreport,whenthetwo-dimensionalcirculation
functionsFc end GC areusedh fluttercalculationsforthree-
dtiensionalwings,thefunctionsaredefinedby theMachnumbernormal
totheleading

cc

A typical
and(B41)with

e~e. Thus CC becomes -

comparisonof Fc and Gc calculatedfromequations(B40)
thoseobtainedfromequations(B38)md (B39)isshownin

figure40. Valuesof Fc and G~ wereobtainedfromequations(B38).
and(B39)fortwopositionsofaerodynamiccenter:aCn= O (thetwo-
dimensional.supersonicvalue)and acn= -0.325261(thevalueatthe

.
stationq = 0.75 of~ 445at M= 1.75).Theresultsinbothcases
closelyapproximatetheresultsfromequations(B40)and(B41).Thedif-
ferencesbetweenthethreesetsof Fc and Gc curvesshowninfigure40
wouldresultinlessthan1 percentdifferenceinthecalculatedflutter
speedforwing445. Sincecalculatedflutterspeedisonlymoderately
sensitiveto smallchangesinthecirculationfunctionvalues(seefig.3),
thecirculationfunctionsusedthroughoutthisinvestigationwerecal-
culatedfromthesimplifiedeqpatioqs(B40)and(B41).

Sometypicalcurvesof me showninfigure41,and

(thecombinations2Za’- z~~md~~~~- l~i)usedinequations(B40)
and(~1) areplottedinfigures42and43,respectively.
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